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Introduction 

The zeros and poles of standard automorphic L-functions attached to representations of classical 
groups are linked to the nonvanishing of lifts in the theory of the theta correspondence. This deep 
and subtle connection is formulated in terms of the Rallis inner product formula, the Siegel-Weil 
formula and its extensions, and was developed over several years by many authors (for symplectic- 
orthogonal dual pairs see |Ral84a| , |Ral84b| , |Ral87| , |KR88a| , IKR88b| , }KR94j , for other dual pairs 
see |Ike96| . |Ich01) . |Ich04] . |Ich07] . [Yamllj and |Yaml3j . and Weil’s original work [Weifihj f . We 
refer to the recent work |GQT| for an excellent account of this theory as well as the proof of the last 
remaining piece of the regularized Siegel-Weil formula in the second term range. 

In this paper, we take the following as our point of departure. Let a be a cuspidal automorphic 
representation of the symplectic group Sp„ defined over a number field F. There is an entire ocean of 
orthogonal groups to which a may lift by the theta correspondence. We may imagine the collection 
of orthogonal groups as a collection of Witt towers (cf. ISection Oil with orthogonal groups attached 
to anisotropic quadratic spaces of all different dimensions and characters at their bases. Rallis’s 
tower property shows that a must lift to a nonzero cuspidal representation at some index in each 
Witt tower and Rallis introduced his inner product formula to derive nonvanishing criteria in terms 
of automorphic L-functions. 

The results of this paper show that when a cuspidal representation a of Sp n does lift to a cuspidal 
representation 7 r = 9^,{a) of an orthogonal group O(V) (wher^H dim p V = m is even), the Fourier 
coefficients of automorphic forms in a are linked to the orthogonal periods of automorphic forms in 
tv (cf. [Theorem 2.4.11 and ITheorcm 2.5.11) . Consequently, when our results are combined with the 
Rallis inner product formula in the convergent range or the second term range (ie. when m > 2n + 1 
or V is anisotropic, cf. (13.1.11) and (13.3.11) 1. we prove a special value formula fcf. ITheorcm 3.5.ll for 
the standard automorphic L-function L(s, er, xv) attached to a (and twisted by the character xv of 


Date : January 8, 2015. 

^We have chosen to restrict to symplectic-orthogonal duals pairs (Sp n , O(V)) where dimi? V = m is even for the 
sake of convenience and clarity. Our results apply with minor modifications to the case when m is odd and G is the 
metaplectic cover of Sp n , as well as to the case for unitary dual pairs. 
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V) at the point s m , 2 n = m/2 — (2 n + l)/2 in terms of the Fourier coefficients of automorphic forms 
in cr and orthogonal periods of forms in n. 

Notation. We use the following notation throughout the paper. Let F be a number field with ring of 
integers Of and ring of adeles A = Ap. We fix an additive unitary class character ip : A/F —> C x . 
Let Aoo = n,|oo F'v be the product of the completions of F at the archimedean places and let 
Af = n,<oo Fv be the ring of finite adeles (ie. the restricted product of the completions of F at 
nonarchimedean places with respect to the rings of integers Of v ). For an algebraic group G over 
F, let [G] = G(F)\G(A) be the adelic quotient, dg is any fixed Haar measure on G(A) and we 
write vol [G] for the measure of [G] with respect to this measure. The results of this paper are 
independent of the choice of measures. The inner product of square-integrable functions on [G] is 
written (/i, f 2 ) = Jj G j f 1(9) f 2(9) dg. Finally, t A is the transpose of a matrix A and | • |a = II v I ' l« 
is the adelic norm. 


1. The Theta Correspondence 

Let F be a number held with A = Ap its ring of adeles and fix once and for all an additive unitary 
class character ip : A/F — > C x . In this section, we introduce the theta correspondence and the Weil 
representation for symplectic-orthogonal dual pairs, the Rallis tower property and the cuspidality 
of theta lifts. This material is standard and so our treatment will be brief. We refer to [MVW87] , 
[Kudj and [RR93I for an introduction to the Weil representation and the theta correspondence (see 
also Weil’s original paper }Wei64i ) and Rallis’s original work (R.al84b] for his tower property. 

1.1. Symplectic and Orthogonal Groups. Let V be a vector space over F such that dimpW = m 
is even and let ( , ) be a nondegenerate symmetric bilinear form on V. Let H = O(V) be the 
orthogonal group over F attached to the pair V, ( , ). 

Let W be the standard vector space over F of dimension 2 n equipped with the nondegenerate 
skew-symmetric bilinear form ( , ) defined by the matrix 



where 1„ is the identity matrix of size n. Let G = Sp„ be the symplectic group over F attached to the 
pair W, ( , ). In particular, we view W as the space of row vectors of size 2 n and the automorphisms 
of W as matrices acting by right multiplication therefore 

G = Sp n = {g&GL 2n :gJ t g = j} . (1.1.1) 

The Siegel parabolic subgroup P C Sp ra has a decomposition P = MN where the Levi component 
M is 

M = jm(a) = (2 ta ° : a € GL n | (1.1.2) 

and the unipotent radical N is 

N = jn(6) = ^ ^ : b G Sym n | (1.1.3) 

where Sym n denotes symmetric matrices of size n. 

We restrict to the case that m is even for convenience and clarity. The experienced reader will 
see that the results contained in this paper extend with minor modifications to the case where m is 
odd and G is the metaplectic cover of Sp„. 
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1.2. The Weil Representation. Attached to the dual pair (G, H) is a Weil representation u> = 
(relative to the fixed character ip) which is an action of G(A) x H( A) on the space ^(^(A)™) of 


Schwartz functions on 

V(A) n = {u = (ui,. . ,,v n ) : v\,... ,v n £ V ® F A} . (1.2.1) 

This model of the Weil representation satisfies the familiar formulas for ip £ S(V(A) n ) 

u>(h)ip(v) = i p(h~ 1 v) h £ if (A) 

uj(m(a))ip(v) = xv(deta) |deta|™^ 2 <p(va) m(a) £ M( A) (1.2.2) 

<jj(n(b))<p(y) = ip(trbQ[v])<p(v) n(b) £ N{ A) 

where 

Xv{x) = (x, (—1) m< ™ 1J detV^ A (1.2.3) 

is the character of the quadratic space V and ( , )a is the global Hilbert symbol, and 

QM = \{{vi,Vj)) itj £ Sym„(A) (1.2.4) 

where {(Vi,Vj))i j is the symmetric matrix of inner products of the components of v = (iq,... ,v n ). 


1.3. The Theta Correspondence. Each ip £ S(V( A)™) defines a theta function 

0<p(g,h) = ^ U} (g)p{h~ 1 v) , g £ G( A) , h £ H{ A) (1.3.1) 

vev n 

which is an automorphic form on the product G(A) x A). In particular, 6 V is left invariant by 
G(F) x H(F) and is of moderate growth. Note that the formation of theta functions defines a (G(A) x 
F[ (A))-equivariant map from the Weil representation ui to the space srf(Gy, H) of automorphic forms 
on G(A) x H{A) 

u — s/{G x H) : p ^ 6 V . (1.3.2) 

Theta functions serve as kernel functions for the theta correspondence which map automorphic 
forms on one group to automorphic forms on the other. In particular, let f H be a cuspidal auto¬ 
morphic form on U, let tp £ S(V( A)") and define the theta lift of f H to G by 

9 v f H (g)= [ d v (g,h)f H (h)dh. (1.3.3) 

J[H) 

This integral is convergent since f H is cuspidal and 9 V is of moderate growth. For a cuspidal 
automorphic representation x of U, the theta lift of tt to G is the space of all theta lifts 9 ip f H 
for (p £ S(V(A) n ) and f H £ n. 

Similarly, let f G be a cuspidal automorphic form on G, let ip £ S(V( A)™) and define the theta 
lift of f G to H by 

O v vf G (h)= [ 9 v (g,h) f G (g)dg . (1.3.4) 

J[G] 

Again, this integral is convergent since f G is cuspidal and 9^ is of moderate growth. For a cuspidal 
automorphic representation er of G, the theta lift of er to F[ is the space 9^(a) of all theta lifts 9 v m f G 
for i p £ S(V( A) n ) and f G £ a. 

Our definitions of theta lifts imply the following adjoint property: if f G and f H are cuspidal 
automorphic forms on G and H respectively and tp £ S(V(A) n ) such that both theta lifts 9 v v f G 
and 9 v f H are cuspidal (ensuring that every integral below is absolutely convergent), then 

(f G ,o v f H ) G = (o^f G j») H . 


(1.3.5) 
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Furthermore, we know by the work of Moeglin |Moeg97[ (generalizing [Ral84b] ) that if a is a cuspidal 
representation of G such that its theta lift consists of cusp forms, then 7r = 9^ (cr) is an irreducible 
cuspidal automorphic representation of H and 

9^(9^(a)) = cr . (1.3.6) 

Finally, the analogous statement for representations of H also holds. 

1.4. Cuspidality and Rallis’s Tower Property. Natural questions arise immediately: When is 
a theta lift nonzero? When is a theta lift cuspidal? These questions were first addressed by Rallis 
and the tower property. 

Let (Vo, Qo) be an anisotropic quadratic space over F and let H 0 be the corresponding orthogonal 
group. Let H be the hyperbolic space of dimension 2 equipped with the quadratic form Q(x, y) = xy. 
For each r > 1, define the quadratic space 

V r = Vo 0 H ® • • • ® H (1.4.1) 

r copies 

and let H r be the corresponding orthogonal group. The increasing sequence of groups 

H 0 C L/i C H 2 C • • • C H r C • • • (1.4.2) 

is called the Witt tower attached to Hq. There is a Weil representation for each dual pair (G,H r ) 
and we let 9^ ir (a) denote the theta lift of a cuspidal representation a of G( A) to H r ( A). Rallis’s 
tower property is the following. 

Theorem 1.4.1 ( |Ral84bj 1. Let cr be a cuspidal automorphic representation of G{ A) and let i be 
the smallest integer such that is nonzero. Then: 

(1) i < 2 n, 

(2) 9ip,i(cr) is cuspidal, 

(3) Qip,r{<x) is nonzero for all r > i. 

Furthermore, the space of cusp forms on G( A) decomposes into the orthogonal sum 

L 2 cusp (G(F)\G(A)) = /(Qo) © I(Ql) © • • ■ © I(Q2n) 
where I(Q r ) is the space of a’s such that 9^, :r (a) ^ 0 and 9^y(a) = 0 for r' < r. 

The integer i in the theorem is called the first occurrence index of a in the Witt tower of H 0 . Note 
that Rallis’s tower property shows that a cuspidal representation a of G must lift to a cuspidal 
representation O^^a) of Hi for some 0 < * < 2n but the theorem does not give any information 
about the index itself. 

The goal of this paper is to show that there are general relations between periods of automorphic 
forms of a and 7r in the case that a is a cuspidal representation of G such that 7r = 9^p(a) is a 
cuspidal representation of H. 


2. Periods of Automorphic Forms 

The main result of this paper is the period identity in IThcorcm 2.4.11 which shows a general 
relation between Fourier coefficients and orthogonal periods of cuspidal automorphic forms which 
correspond by the theta correspondence. As a consequence, we prove in the last section of this paper 
a special value formula for standard automorphic L-functions by combining our identity with the 
Rallis inner product formula fcf. [Theorem 3. All) . 

We begin by introducing Fourier coefficients of automorphic forms on symplectic groups and 
periods of cuspidal automorphic forms on orthogonal groups. The connection between Fourier 
coefficients and orthogonal periods in the theta correspondence is shown in [Proposition 2.1.11 from 
which we derive IThcorcm 2.4.11 
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2.1. Fourier Coefficients and Orthogonal Periods. Let G = Sp„ and H = 0(F) as in 
IScction P The symplectic group G contains the Siegel parabolic subgroup P = MN with unipo- 
tent radical 


N = { n(b) = 


0 f) : b £ Sym n | 


( 2 . 1 . 1 ) 


where Sym„ denotes the space of symmetric matrices of size n. For T £ Sym n (F), the i/^r-Fourier 
coefficient of an automorphic form f G on G is 


Wr(f G )= f f G (n)il) T (n)dn 

J[N] 


( 2 . 1 . 2 ) 


where ifrip) = i/j(tiTb ) for n = n(b ) as in (12.1.111 above. 

Let x = (xi,..., x n ) £ V n be an n-tuple of rational vectors in V and let H x be the stabilizer of 
x in H where H acts on V n componentwise. The iL^-period of a cuspidal automorphic form f H on 
H is 

PhM H )= [ f H (h)dh. (2.1.3) 

J[h4 

Fourier coefficients and orthogonal periods are related by the following (well-known) calculation. 
Given a cuspidal automorphic form f H on H and a Schwartz function tp £ S(V (A) n ), the ?/>T-Fourier 
coefficient of the theta lift O v f H is 

W T [9 v f H ) = [ \ [ £ u{n)ip{h~ 1 v) f H (h)dh\ ip T (n)dn 

An] \J[h] veyn ) 

£ <p(h~ 1 v) ip(ti(bQ[v\ —Tb))db J f H {h)dh 

v£V n J 

ip(h~ 1 v) f H (h) dh 

v £ v n 

QM = t 

If we assume that T is nondegenerate, then the group H ( F ) acts transitively on the set in the sum 
above and so we chose some x £ V n such that Q[x] = T and we let H x be its stabilizer. If there is 
no such x (in other words, if Q does not represent T), then Wr{d v f H ) = 0 for all f H . We continue 

W T {O v f H ) = f £ pih^^x) f H (h)dh 

A h ] r y£H x (F)\H(F) 



lH„(F)\H( A) 


<p(h e) / ( h) dh 


[ p(h x x) f f H (h'h)dh'dh. 

J Jh„(F)\H„(A) 


iHvWXHiA) JH^F^Hv 

Thus the ^-Fourier coefficient of the theta lift of f H is written in terms of a TL^-period where 
Q[x\ = T. To push this integral one step further, we introduce the following lemma. 

Lemma 2.1.1. Let x £ V n such that Q[x] = T is nondegenerate and let H x be the stabilizer of x 
in H. For each ip £ S(V(A) n ), there is a smooth function f on H(A) which is rapidly decreasing on 
H(A 00 ) and compactly supported on H(Af) satisfying 


ip(h 1 x) = / f(hoh)dh 0 . 
Jh^IA) 


(2.1.4) 


In this case, we say (yj,£;x) is a matching datum (or that f matches p relative to x). 








6 


PATRICK WALLS 


We will defer the proof of the lemma until the next section. Continuing with the integral above 
with the function £ matching tp relative to x as in the previous lemma, we have 


W T (O v f H ) = 


J?„(A)\J?(A) 


tp{h 1 cc) f f H {h'h)dh! dh 

J H a .(F)\H a .(A) 


>Ha,(A)\H(A) JHa, 


£{h 0 h) dh 0 


1 Ha>(F)\Ha,(A) 


f H (h'h ) dh' dh 


/ £ 0 ) / f H [h'h)dh'dh 

/if (A) J Hk(F)\H<z( A) 


lHn(F)\H*( A) Jif(A) 


t,(h)f H (tih)dhdh' . 


Therefore we have proved the following formal identity which is the main input into our period 
identities [Theorem 2.4.11 and ITheorem 2.5.11 In the next section, we prove ILcnnna 2.1.11 and give 
an explicit formula for the local functions at finite places. 


Proposition 2 . 1 . 1 . Let x £ V n such that Q[x] =T is nondegenerate and let H x be the stabilizer 
of x in H. Let ip £ S(V(A) n ) and let £ be a smooth function which matches tp relative to x as in 
\Lemma 2.1.11 For any cusp form f H £ L^ usp (H(F)\H(A)), we have 

W T (9^f H ) = P H M H ) (2.1.5) 

where R^f H (h) = / ff(A) £(h’) f H (hh') dh'. 

2.2. Matching Functions. In this section, we will prove iLcmma 2TT] along with an explicit for¬ 
mula for the local functions f v at finite places. 


Lemma. Let x £ V n such that Q[x\ = T is nondegenerate and let H x be the stabilizer of x in 
H. For each p £ S(V(A) n ), there is a smooth function £ on FI (A) which is rapidly decreasing on 
H(A 00 ) and compactly supported on H(Af) satisfying 

p{h~ 1 x) = j £{hoh) dho ■ (2-2.1) 

Jh*{ A) 

In this case, we say (<p,£;x) is a matching datum (or that £ matches p relative to x). Furthermore, 
if p = <S> v p v is factorizable, then £ = 
function £„ is given by the finite sum 

Uh) = E 

7 et? 

7 — 1 x € supp 


is factorizable where, for any finite place v, the local 


p v (l x) 


vol (H X (F V ) n 'yU v 'y~ 1 ) 


TTjT C lUv {h) 


( 2 . 2 . 2 ) 


where 

(1) U v C H(F V ) is any compact open subgroup which acts trivially on p v 

(2) ^ is a set of representatives of the double coset space H X (F V )\H(F V )/U V 

(3) C 1 u v is the characteristic function of"fU v . 

Let us make few remarks before we continue with the proof of this lemma. Notice that if £(/i) is 
any function which satisfies (12.2. II) . then £(h’h) also satisfies (12.2.11) for any h' £ H x ( A). Also, the 
local function ( v described in ( 12 . 2 . 21 ) depends on the choice c io of representatives for the double coset 
space in the sum. Finally, although the set e £ may be infinite, the sum is always finite. 
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Proof. We may assume that tp = Pv is factorizable therefore we will prove the analogous equality 

p v (h~ 1 x) = [ £ v (h 0 h)dh 0 , h G H(F V ) (2.2.3) 

Jh„(f v ) 

for each place v. The group H( A) can be written as the restricted product ]p H(F V ) with respect 
to the compact open subgroups K v = Aut(L„) C H{F V ) where L v = L <g>o F for a fixed global 
Oir-lattice L C V. We will show that f v is the characteristic function of K v for almost every place 

v. 

Suppose v is a finite place. If V v is anisotropic, the group H (F v ) is compact therefore 

Zv{h) = 1 , ' pvih-'x) , h G H(F V ) (2.2.4) 

vol H X (F V ) 

is a smooth compactly supported function which matches p v relative to x. 

Suppose V v is isotropic. Let U v C H{F V ) be a compact open subgroup such that <p v (kv ) = p v (v) 
for all k G U v and v G Vff. Use the notation Cs to denote the characteristic function of a set S and 
write 


<Pv(h l x)= Y Pv(l 1 x)Cr yUv (h) 

7 _e H(F V )/U V 
7 1 x G supp ip v 

= Y <Pti(7 -1 *) E Cry Uv (h 0 h) . 

7 € Ha,(F v )\H{F v )/U v ?io€(ff a ,(F„)n7C/„7- 1 )\ff a! (F„) 

7 _ 1 x G supp tp v 


We claim that the outer sum is finite. Since detT ^ 0, the group H(F V ) acts transitively on the 
set Uy = {v G Vff : Q[v] = T} and therefore the map 7 i-a ^~ x x is a homeomorphism between 
H X (F V )\H(F v ) and Ur- Since <p v has compact support, its restriction to the closed subset Ht has 
compact support and therefore the support of <p v (h~ l x) in H X (F V )\H(F v ) is also compact. Finally, 
since H X (F V )\H(F V )/U V is discrete, the set {7 G H X (F V )\H(F V )/U V : 7 _1 a; G supp<p„} is finite. 

We make the observation 


' Ha, (Fv) 


C lUv (h 0 h) dh 0 = vo \(H X (F V ) n 7/7^7 


-1 


) E C lUv (h 0 h) (2.2.5) 

h 0 e(H a ,(F v )n'yU v j~ 1 )\H a ,(F v ) 


for all 7 ,/i G H(F V ). Now we must make a choice ^ for a set of representatives 7 of the double 
coset space H X (F V )\H(F V )/U V and then define a function given by the finite sum 


Uh) = 


E 

7 G ^ 

7 _ 1 £c G supp c p v 


Pv(l 1 x) 

vol (H X (F V ) n "/Uv'y- 1 ) 


C-y Uv (h) 


( 2 . 2 . 6 ) 


Then is a locally constant compactly supported function which matches ip v relative to x. 

We claim that, for almost all v, the sum (12.2.61) has a single term and £ v (h) = CK„(h) where K v 
is the maximal compact subgroup K v = Aut (L v ) C H(F V ) for a fixed global lattice L C V. For 
almost all v, we are in the following situation: 

(1) ip v = <pl v <S> • • • ® Pl v is the n-fold tensor product of the characteristic function of L v 

(2) x — (xi, . . . , Xn) G L v 

(3) det Q[x\ G Op v 

(4) Q is Of v - valued on L v 






PATRICK WALLS 


The symmetric matrix Q[x\ represents the quadratic form Q restricted to A x = span OF {.ti,..., x n } 
relative to the basis x\,... ,x n consisting of the components of x. Since det Q[x\ £ Op , the lattice 
A x is regular therefore L v = A x © A' is an orthogonal direct sum of Of v -lattices where 

A' = {r; £ L v : (v,w) = 0 for all w £ A^} . (2.2.7) 

Suppose 7 £ H(F V ) such that Xi £ 7 L v for each i = 1,..., n. Then A x is a regular subspace of 7 L v 

therefore we have the orthogonal direct sum 7 L v = A x © A" of Of v -lattices where 

A" = {'yv £ 7 L v : ('yv, w) = 0 for all w £ A^} . (2.2.8) 

Since Aa, © A' and Aa; ® A" are isometric, we must have that A' and A" are isometric by the Witt 

cancellation property for local rings. In other words, there is some <5 £ H X (F V ) (note that H X (F V ) 
is the orthogonal group of span Fu {xi,... ,a; n } J “) such that 8A" = A'. Finally, S'yLy = L v and so 
dy £ K v . Therefore, in this most unramified case, 

#{7 € H X (F V )\H(F V )/U V : ^~ l x £ supp<^„} = 1 (2.2.9) 

therefore the sum (12.2.611 has a single term and £„(/i) = Cx v (h). Here we have used the fact that 
vol(H x (F v ) fl K v ) = 1 for almost all v. 

Suppose v is an infinite place. Then V v is anisotropic and the group H(F V ) is compact therefore 

^ = vol H X (F V ) ^ k ~ lx} (2 ' 2 ' 10) 

is a smooth compactly supported function which matches <p v relative to x. 

Finally, suppose v is an infinite place such that V„ is isotropic. This is the only case where we 
cannot give an exact definition of the local function The group H(F V ) is a Lie group, H X (F V ) 
is a Lie subgroup and the natural map p : H(F V ) —> ttr ■ h 1 —> h~ 1 x is a princial H X (F V )- 
bundle where Hr = £ V : Q[v\ = T}. Let {C/i, $,}*£/ be an open cover of with local 

trivializations <3?^ : p _1 (Z7,;) = H X (F V ) x C/j. On each of the open sets p -1 (ZA), we can arbitrarily 
chose a smooth rapidly decreasing function fi on H X (F V ) and define a smooth rapidly decreasing 
function on p~ 1 (Ui) by /i(7)<^ t ,(t’) using the isomorphism $i(h) = (j,v) £ H X (F V ) x Ui. We can 
use a partition of unity to glue the functions /)( ^)ip v {v) on each p~ l {Ui) together to get a smooth 
rapidly decreasing function £„ on the whole group H(F V ). Since the functions fi were arbitrary we 
can scale them so that f H ^ £, v {hoh) dho = ip v (h~ 1 x). 

□ 

2.3. Example: Local Matching Functions for PGL 2 (Q p ). In this section, we will compute the 
local functions f v by the recipe (12.2.211 in the following particular case. Let p be a prime not equal 
to 2 and consider the quadratic space ( V ., Q ) over Q p consisting of traceless 2 by 2 matrices 

V ={(l b a ) :M>c€Q P j (2.3.1) 

ec^uipped with the quadratic form 

Q(x) = — det (a;) (equivalently, x 2 = Q(x) ■ id). (2.3.2) 

Note that this corresponds to the inner product 

(x, y) = tr(xy) , x,y£V. (2.3.3) 

The special orthogonal group is given by 

SO(E) = PGL 2 (Q p ) 


(2.3.4) 
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via the natural action x n- gxg~ l for g £ GL2(Q P ). (Again, we note that even though this paper 
restricts to the case that dim f V is even, all our results apply with trivial modifications to the case 
when dirnp V is odd and G is the metaplectic cover of Sp„.) 

Let H = PGL2(Q p ) and let K C H be the maximal compact subgroup which stabilizes the lattice 
of integral elements 

i= {(c -a) :a, 6 ,ceZ p | . (2.3.5) 

In other words, K is equal to the image of GL 2 (Z p ) projected to H. 

Let ip £ S(V) be the characteristic function of the lattice L C V, let x £ V such that Qix) ^ 0 
and let H x be the stabilizer of x in H. The goal of this section is to find a smooth compactly 
supported function £ on H such that £ matches p relative to x as in (12. 2. ID . In other words, we 
want to find £ such that 

p{h~ 1 x) = f £(h'h)dh' (2.3.6) 

Jh x 

and we will use the recipe (12. 2. 2D . Note that since p is an even function, we can extend £ to a 
function on the whole orthogonal group O(V) by the projection map O(V) —>• SO(V). We begin 
with a few reduction steps. 

Firstly, if Q(x) ^ Z p then p(h~ 1 x) = 0 for all h £ H since Q{L) C Z p . Therefore we may assume 
Q{x) £ Z p . 

Secondly, if Q(x) = p a e for a £ Z>o and e £ Z p , then x generates a quadratic extension of Q p . 
Therefore we need only consider three cases (recall, p > 2): 

(inert) : if a is even and e is a nonsquare, then w> 

(ramified) : if a is odd, then we may assume x = p^ a 

(split) : if a is even and e is a square, then we m 

In particular, if y £ V is any element such that Q(y) is integral and nonzero then y is in the //-orbit 
of one of the elements in the three cases above. 

Finally, note that the compact open subgroup K fixes p and therefore it plays the role of U v 
appearing in (12. 2. 2D . Therefore, to compute £ we need to: 

(1) determine a set ^ of representatives for H X \H/K and determine the subset {7 £ *£ : x £ 7 L} 

(2) compute vol (H x fl jKj -1 ) for 7 € {7 £ <€ : x £ 7 L} 

Lemma 2.3.1. . 

(1) The subgroup H x is equal to the image in H of: 


e may assume x = p a / 2 


0 £ 
1 0 


— 1)/2 


0 pe 
1 0 


ay assume x = p“/ 2 


1 0 
0 -1 


(inert) : 
(ramified) : 
(split) : 


{(5 b a) ■^b£Q p ,a 2 +eb 2 ^0^ 

{(& h£ <f) : a,b e ^ P ’ ° 2 +psb2 ^ 0} 

{(j 5) :a,6GQ p ,a6^o| 
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(2) A set ^ of representatives for the double coset space H X \H/K is given by: 

p d 0^ 


(inert) : = jld = 

(ramified) : ^ = < 7 d = 


(split) : = {5 d = 

(3) The set {'y G ^ : x £ 7 Lj is given by: 


:d> 0 
: d > 1 
: d > 0 


(inert) : 
(ramified) : 


7 d = 


7 d = 


(split) : \S d = 


: 0 <d< 
: 1 <d< 


2 

a + 1 


and vol(i 4 n 7 d^ 7 d ) = d 

p a 


vol H r 


and vol (H x (7 'y d K'y d *) = 


l-p d_1 
vol H x 

2p d ~ 1 


a 


: 0 < d < — > , and vol (H x 17 SdKS d ) = vo \{H X (7 K) 


Proof. We will be brief since all the computations required to prove this lemma are quite elementary. 
It is a straight forward computation to determine H x in each case. A set of coset representatives of 
H/K is given by 


p d u 

0 


: d > 0 and 0 < u < p > U 


1 0 

u p a 


: d > 0 , 0 < u < p d and p \ u 


and it is easy to determine and {7 G ^ : x G 7 L} in each case. Finally, we will discuss how to 
derive the quantity vol (H x (7 in the inert case via the action of H on the tree H/K. The 

other cases are proved in a similar way. We may visualize the set H/K as a connected graph with 
a vertex for each element of H/K which is connected to exactly p + 1 neighbouring vertices. We 
measure the distance of a coset hK from the base point K by the number of edges along the shortest 
path from K to hK. It is easy to show that H x stabilizes K and acts transitively on the p d +p d_1 
vertices at a distance d from K. The subgroup 'ydKj/f 1 is the stabilizer of the vertex ^ d K therefore 
[H x : H x (7 = p d + p d_1 and so 


vol (H x n 'tdK'id = 


vol FA 


p d _|_ p 


4-1 


□ 


Finally, in this specific case, we have all the ingredients to determine the local matching functions 
f according to the recipe (12. 2. 2D . 

Proposition 2.3.1. If ip is the characteristic function of L, then, in each of the three cases above, 
a smooth function f on H that matches is given by: 

a/2 

c K {h)+Y.tp d +p d ~ 1 ) G 


(inert) : f{h) = 
(ramified) : f(h) = 
(split) : f(h) = 


1 


vol H x 
1 

vol H x 


d=l 


) 


7 d = 


1 


vol {H x (7 K) 


( q + 1)/2 

E ^p*- 1 c ldK (h), ld = 

d= 1 

a/2 

C K (h) + Y,C Sd K(h ) 

d= 1 


p d 0 


(2.3.7) 

(2.3.8) 


S d = 


(2.3.9) 
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where Cs denotes the charactersitic function of a set S C H . 


2.4. The Main Period Identity. The relation in [Proposition 2.1.J] between Fourier coefficients 
and orthogonal periods leads to our main identity stated below. Recall, we call a triple (ip, £; a;) a 
matching datum (or that £ matches ip relative to x) if ip, £, x satisfy the equation in ILcnnna 2.1.11 
Furthermore, we say that (ip,£ ;x) is nondegenerate if detQ[a:] ^ 0. Therefore, for each nondegen¬ 
erate matching datum (ip,£;x) with Q[x] = T, |Proposition 2. 1.1| states 

w T (e v f H ) = p H ARd H ) 

for all cusp forms f H £ L^ usp (H(F)\H( A)). 

Theorem 2.4.1. Let a be a cuspidal representation of G such that such that 7r = 6^(a) is a cuspidal 
representation of H. Let (p\,fi \x\) and (^2,^2 5^2) be a pair of nondegenerate matching data and 
let T\ = Q[x{\ and T 2 = Q[ *2]- Then 

E w Tl (e vl e^F G )w T2 (F G ) = E p »,J R <Jki FH ) p », 2 ( FH ) (2.4.1) 

F^^SS(a) F h £38(-k) 

where 33(a) and 33(f) are orthonormal bases of a and it respectively, and £ v (h) = £(/i _1 ). 


Proof. First consider the matching datum (<p 2 ,& ;*2)- By [Proposition 2.1.1| we have 

Wt 2 (0vJ H ) = p H» 2 (R i2 f H ) 


for any f H £ n. Since 9 V2 f H £ a , we may write 9 Lp2 f ti in terms of an orthonormal basis of er 

0 V2 f H (g)= E ( 9 V2 f H ,F G )G-F G (g) 

F°eSS(a) 


(2.4.2) 

T 

(2.4.3) 


therefore we have 


W T2 (9 V2 f H ) = /f H (h) , E ®vfF G (h) Wt 2 (F g )\ 

\ Fd^SS(a) / H 

where we have used the adjoint property of the theta lift (9 v f H ,F g )q = (f H ,9^vF G ) H . 
Now write R^ 2 f H in terms of an orthonormal basis of 7r 

RiJ H (h)= E <■ RiJ H , pH ) H -F H (h ) 

F H GSS{ tt) 

therefore 

p H» 2 (Rz 2 f H ) = lf H (h), E R$ FH (h)PH. 3 ( FH Y) 

\ F H SlSS(tv) / „ 


(2.4.4) 


(2.4.5) 


(2.4.6) 


'e^(Tr) 
fH tpH\ 


where we have used the adjoint property (R^f H ,F h )h = (f H ,R^F h )h- 

Now we have two functions in n given by (12.4.41) and (12.4.61) which represent the same linear 
functional on n and so 

E 9 v vF G (h) Wt 2 (F g ) = E R& FH (h)PH„ 2 (F») . (2.4.7) 

F^eSSh t) F h ^SS(i t ) 

Using the other matching datum (yq,^ ;*i), apply the linear functional f H i-a WT 1 (9 cpi f H ) to the 
left hand side of (12.4.71) and, by [Proposition 2. j~T] the equivalent operation f H M- PH a , 1 (R^ 1 f H ) to 
the right hand side of (12. 4. 71) to produce 

E W Tl (9 Vl 9 v vF G )W T2 (FG) = E p H,JR<Jki FH ) p H, 2 (F H ) ■ 

FO^SS(cr) F h £ 3 S(tv) 


(2.4.8) 
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□ 


As a final remark in this section, let us take note of the resemblance between the period identity 
(12.4.11) and the identity one would expect from a comparison of relative trace formulas. Informally, 
if we consider 9 Vl 9^v as an operator on the space of cusp forms on G and R^R^v as an operator 
on the space of cusp forms on H, then the left side of the main period identity above is the relative 
trace of 9 V1 9 V )/ along a relative to the subgroup N x N and the characters tpTi and tpT 2 and the 
right side is the relative trace of R^Rq along tt relative to the subgroup T\ x T 2 . However, this 
point of view will not play a role in what follows. 


2.5. An Inner Product Identity. Our ultimate goal is to use the main period identity in ITheorem 2.4.11 
to relate Fourier coefficients and orthogonal periods of automorphic forms to special values of au- 
tomorphic L-functions. The first step is IThcorcm 2.5.11 below which uses the formal properties of 
the theta correspondence and the Weil representation to rewrite the main period identity (12.4.11) in 
terms of an inner product of theta lifts. In the next section, we will combine this inner product 
identity with the Rallis inner product formula to obtain our special value formula in IThcorcm 3.5.11 
Let a be a cuspidal automorphic representation of G such that 7r = 9^ (cr) is a cuspidal represen¬ 
tation of H. Recall the theta lift from G to H is a G(A)-equivariant map from w v ® cr to n where 
the G(A) acts diagonally on the w v ® a and trivially on n. Here w v is the dual Weil representation, 
or equivalently the Weil representation relative to the character i/> _1 (cf. ISection 1.21) . Therefore it 
must factor as the composition 

w v (gi cr- 9 - 7r (g> <t v <8> a -»-7r (2.5.1) 


(p ® f G h 


6W 


G 


where the second arrow is a mutiple of the canonical pairing between cr and cr v . Therefore, for a 
fixed f G G cr, there exists a function ip G S(V( A) ra ) such that p pairs purely with f G . In other 
words, there exists ip such that 9^m f G ^ 0 and d^v F G = 0 for all F G G a which are orthogonal to 
/ G , ie. (F g J g )=0. 

If ip pairs purely with / = f G G cr, then / is an eigenfunction for the operator 9 v 9 v v on cr. To 
see this notice, that if F is orthogonal to / then 9^mF = 0 and so 

(e v e^f,F) a = (e^f,e (p vF) H = o 

by the adjoint property in |Equation 1.3.5| Therefore 9 v 9 v v f must be multiple A of /. In particular, 
we have 

MW = A/ =► {9 v e v vf,f) = \{f,f) =► (V /j jt V/) = A - (2-5.2) 

In summary, if we fix some automorphic form / G cr and choose some <p G S(V(A) n ) which pairs 
purely with /, then IThcorcm 2.4.1l reduces to the following inner product identity. 


Theorem 2.5.1. Let a be a cuspidal representation of G such that i r = 9^(a) is a cuspidal rep¬ 
resentation of FL. Fix f G a and let ip G S(V(A) n ) such that <p pairs purely with f as above. 
Let (<p,f i ; zq) and (p,£ 2(^2) be a pair of nondegenerate matching data and let Xj = Qfaq] and 
T 2 = Q[x 2 ]• Then 


{0 V vfi V/) W Tl (f) WtJJ) 

</,/> </,/} 


= E ( R F % pH ) Ph * 2 (F H ) 

F h gSS( tt ) 


(2.5.3) 


where &(tt) is an orthonormal basis of tt and £ v (h) = f(h 1 ). 
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2.6. More Period Identities. The main period identity in lTheorem 2.4.ll is a direct consequence 
of [Proposition 2,Tl| In this section, we derive two more period identities from |Proposition 2.1.1| We 
will not use these identities in the remainder of this paper however we note that integrals of the form 
Pho, (Qip v f G ) appearing below are related (via the Siegel-Weil formula) to the integral representations 
of automorphic L- functions obtained by Piatetski-Shapiro and Rallis in [PSR88 . We also note that 
an example of such a relation with L-functions appears for n = 1 and to = 3 in Lemma 45 on p.293 
of Waldspurger’s work [Wal91 ?. 

Theorem 2.6.1. With the notation and hypotheses of \Theorem 2.f.l\ we have 

E P ^JMF G )W t . 2 (FO) = Ph^{ r ^ fH )Ph,S FH ) (2-6.1) 

F a e$g{a) F h &SS{-k) 

E Ph-A^F 0 ) P Hma (9 v vF G ) = E Ph^Kx^F 11 ) Ph„ 2 ( fH ) (2.6.2) 

F G e£g(a) F H eS 9 ( n) 

Proof. Starting from (12.4.71) in the proof of IThcorem 2.4.11 the H x ^periods of each side of yields 
the identity 

E Ph^Ki fG )WtA fG ) = E Ph, 1 {R^F H )Ph^{F h ) ■ (2.6.3) 

F G £&g(a) F H £gg(-K) 

For the second equation, write f G £ a in terms of the basis 33(a) 


therefore 


f G (d)= E (f G >F G ) G F G (g) 

F G eSS(<r) 


PT 2 (O v ff G ) = (f G , E p T^W 2 F G ) F g \ . 

\ F G eSS(a) / „ 


Alternatively, write 0„v f G in terms of the basis 33(f) 


8^J G (h) = E K,f G ,F H ) H F H (h) 

F H &3g( tt) 


and compute Pt 2 (8 v v f G ) 


Pt 2 (8^J G )= E f G ,F H ) H P T2 (F H ) = /f G , E Pt 2 (F h ) 8 V2 F h \ 

F h gSS( tt) \ F H eMir) / 


therefore 


F H eSg( tt) 

E PT 2 (8^F G )F G (g) = E Pt 2 (F h ) 8 V2 F h (g). 

F G &SS(a) F H ^SS{i r) 

Apply the linear functional f G H > Pt 1 (9 lp v f G ) and we arrive at 

E P Ti (8 vX F g )Pt 2 (8^F g ) = E Pr x (O v ^F H )PrAF H ). 
F G GSS(a) F H £3g{i r) 


H 


(2.6.4) 

(2.6.5) 

( 2 . 6 . 6 ) 

(2.6.7) 

( 2 . 6 . 8 ) 

(2.6.9) 

□ 
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3. Special Values of Standard Automorphic L-functions 


Throughout this section, let G = Sp n , let H = O(V) with dim_F V = m and x = Xv, and let a be 
a cuspidal automorphic representation of G such that its theta lift n = 0^,(a) is a nonzero cuspidal 
automorphic representation of H. 

Our main result is IThcorem 3.5.11 which is simply the combination of the period identity in 
IThcorcm 2.5.11 with the Rallis inner product formula (cf. IThcorem 3.4.11) . Our formula applies to 
the case when G and H are either in the convergent range (cf. (13.1.11) 1 or the second term range 
(cf. (13.3.11) 1. In particular, we have either m > 2n+ 1 or V is anisotropic. 

In this section we introduce theta integrals, Eisenstein series, the Siegel-Weil formula (in the 
convergent range), the doubling method and standard automorphic L-functions all for the purpose 
of stating the Rallis inner product formula in our case. Our treatment is brief since there are already 
several excellent accounts of the Rallis inner product formula (for example [KR94I and |GQT| , and 
the original work of Rallis |Ral84b] , |Ral84a) and |Ral87) ). 


3.1. Inner Product of Theta Lifts. Suppose G and H are in the convergent range: 

V is anisotropic or m — r > 2n + 1 (3.1.1) 

where r = Witt(V) is the Witt index of V (ie. the dimension of a maximal isotropic subspace). 
Note that r marks the position of H in its Witt tower (cf. (11.4.21) 1 and since we have restricted our 
attention to the case where a lifts to 7r which is cuspidal, Rallis’s tower property implies that r < 2 n. 

In Weil’s original work |Wei65| on the Siegel-Weil formula, he proved that theta integrals are 
absolutely convergent in this range therefore we may rearrange the inner product of theta lifts for 
/ € cr and ip £ S(V(.A) n ) 

(0 v vf,6 lp vf)=[ (f d v (g 1 ,h)e v ,{g 2 ,h)dh\ f(g!) f(g 2 )dgidg 2 ■ (3.1.2) 

J[GxG] \J[H] J 

The Siegel-Weil formula implies that the inner theta integral is the special value of an Eisenstein 
series on Sp 2n restricted to the product G x G as we describe below. 

There is the natural embedding of symplectic groups 


to : G x G 


Sp 2 


a\ h 

ci di 


and we define the twisted embedding 


1(91,92) = (-0(31,52) , <? = 


a 2 b 2 
c 2 d 2 


-1, 


1—^ 


/ ai bi 

a 2 

ci d\ 

\ C 2 


-It 


\ 

b 2 

d 2 ) 


The twisted embedding translates into the following relation for (g> 93 G S'(V(A) 2n ) 


u(L(gi,g2))(v®v) = w(siV-w(g 2 V , 31,52 e G( A) 


(3.1.3) 

(3.1.4) 

(3.1.5) 


where we abuse notation and write w for both the Weil representation of G and Sp 2ra . Therefore the 
pullback along the twisted embedding t of the theta function attached to <p 0 Tp e S(V( A) 2n ) has 
the property 

0^®ip(i(gi,g2),h) = O ip (g 1 ,h)d v (g 2l h) . (3.1.6) 

For s G C, let I 2n (s,X ) be the degenerate principal series representation of Sp 2ra (A) consisting of 
smooth functions $(3, s) satisfying 

$(m(a)n(b)g,s) = x(deta)|deta|4 +P2 ’ l $(3, s) , p 2n = 1 (3.1.7) 
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for all m(a) G M2n(A) and n{b) G iV2n(A) (where we use the subscript 2n to emphasize that here 
we are considering the Siegel parabolic subgroup of Sp 2n ). Given p G ^(^(A)”), we may define a 
section <I> V ®^ of the induced representation l2n(s,x) by the formula 

777/ 2 77/ “I - 1 

$y<g>y(s,s) = u{g){<p ®lp)(0) ■ |a(ff)| 8_Sm - 2n , s m , 2n = — --— (3.1.8) 

where |a(ff)|A = |deta|A for a G GL2 n (A) in the decomposition g = m(a)n(b)k G M2n(A)7V2 n (A)R' 
for the maximal compact subgroup K C Sp 2jl (A). The corresponding Eisenstein series is the usual 
sum 

E{g,s,^ ipm ) = ^2 ®'P®'p('y9, s) , g G Sp 2ri (A) . (3.1.9) 

7eft„(F)\Sp 2 „(F) 

The Eisenstein series E(g, s, <h) is absolutely convergent for Re(s) > (2n + l)/2 and has meromorphic 
continuation to the entire complex plane. 

In the convergent range, the Siegel-Weil formula implies that E(g, s, < f > y ®^) is holomorphic at the 
special value s m> 2 n and 


E{t{gi,g2) 5 Sm, 2m *&ip<g)ip) 


^m,2n 

vol [ H] 



9<p(gi,h) O v (g 2 ,h) dh 


(3.1.10) 


where 

_ m 2n + 1 ( 1 if m > 2n + 1 

Sm,2n - y — and K m p n = | 2 if m < 2n + 1 


(3.1.11) 


Note that K m ,2n = 2 in the convergent range only when V is anisotropic. 

The Siegel-Weil formula was first proved (for more general dual pairs) by Weil )Wei65j in the case 
that the critical point s m p n is in the range of convergence of the Eisenstein series, ie. m > 4n + 2. 
In IKH88a| and |KR88bj . Kudla and Rallis extended the Siegel-Weil formula for all symplectic- 
orthogonal dual pairs in the convergent range. 

Therefore, in the convergent range, the inner product of theta lifts is given by 


(fly v f, Ay v /) = V01 ^ [ E(L(gi,g 2 ),s m! 2n,®v®v) f(gi) f(g2)dgidg 2 ■ (3.1.12) 

K m, 2 n J[GxG] 


3.2. Local Zeta Integrals and /.-Factors. Integrals of the form (13.1.121) were studied by Piatetski- 
Shapiro and Rallis 1PSR87I in much greater generality using their doubling method to obtain integral 
representations of standard automorphic L-functions attached to representations of classical groups. 
In the case considered here, their results show that, for cf* G I 2 n{s,x) and / G er, the global zeta 
integral 

Z(s,®,f)= [ E(L( gi ,g 2 ),s,^) f(gi) f(g 2 )dgidg 2 (3.2.1) 

J[GxG] 

reduces to a product of local zeta integrals 

Z(s,$,f) = l[Z v (s,<f>,f) . (3.2.2) 

V 

The analytic properties of the Eisenstein series imply that Z(s , $, /) also has meromorphic continu¬ 
ation to the entire complex plane. When / = ®„/ t , and $(s) = ®i,$„(s) are pure tensors, the local 
zeta integrals are given by 

Z v (s,®,f)= [ i(l,g),s) (a(g)f v ,f v ) v dg (3.2.3) 

Jg(f v ) 

where <5 G Sp 9n (Q) is an explicit representative of the ‘main orbit’ (see 1PSR871 p.2-6] and [ KR94 . 
p.76-77]) and (,)=n„(,)« is a decomposition of the global pairing into a product of local pairings. 
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Furthermore, for all places v where a v is unramified, the local pairings are normalized so that 
{fvi fv)v = 1 for the unramified vector /„ used to define the restricted tensor product a = ® t ,<r t ,. 

Let us state the fundamental identity of the doubling method [PSR87 , p.3] in this case. Let S 
be a finite set of places of F containing all archimedean places, all finite places where a v is ramified 
and all finite places where Xv is ramified. Let $ = G l2n(s,x) he a pure tensor such that, for 

all v qL S, is Sp 2n (O f„ )-invariant and normalized so that & v (e, s ) = 1. Finally, let / = ® v f v G a 
be a pure tensor such that, for all v ^ S, f v = /° is the unramified vector for which (/°, /°)„ = 1. 
Then 




L S (s + h,cr,x) 

fo fn( S >X) 


vGS 


(3.2.4) 


where &f n (s,x) = ILgs b 2 n,v{s, Xv) for 


hn,v{s,Xv) = L v (s + P 2 u,Xv) C«( 2 s + 2n + 1 - 2k) (3.2.5) 

fe=l 


where p 2 n = (2n + l)/2. 


3.3. The Second Term Range. The second term range refers to the case when G and H satisfy: 

r > 0 and m — r<2n+l<m. (3.3.1) 

In the second term range, the theta integral for p G S'(y(A)") 


/ 0 ip (g 1 ,h)6 v (g 2 ,h)dh (3.3.2) 

J[H\ 

no longer converges. However, the inner product of theta lifts (9 v vf, d v vf) is well-defined because 
of our assumption that both a and it are cuspidal. 

The Eisenstein series g 2 ), s, < f> v ®^) is still defined as in (13.1.91) and has meromorphic con¬ 

tinuation but now may have a pole at the special value s TOj2n . Recent work of Gan, Qiu and Takeda 
|GQT| proves the second term identity of the regularized Siegel-Weil formula so that the Rallis inner 
product formula holds in the second term range as stated in the next section. 


3.4. Rallis Inner Product Formula. The doubling method introduced by Piatetski-Shapiro and 
Rallis (PSR87 and developed by Lapid and Rallis [LR051 used the local zeta integrals (13.2.31) to 
define standard local L-factors for all admissible representations of simple classical groups and we 
denote by L(s , a , x) the global standard automorphic L-function of a twisted by x- Since the local 
zeta integrals are equal to local L-factors almost everywhere by the fundamental identity (13.2.41) . it 
is common to define the normalized local zeta integrals 




Z V (S^J) 
L v (s+ ^, <7, x) 


(3.4.1) 


Also, given ip G S'(P(A) n ) and the section 4V<g>^(g,s) G I 2 n(s,X ) as i n (13.1.81) . let us define 


Z* v {s,g>,f) = Z* v {s,^ m ,f) 


(3.4.2) 


simply to emphasize the dependence on ip. 

Finally, the Siegel-Weil formula (13.1.121) and the fundamental identity (|3.2.4I) produce the Rallis 
inner product formula in the convergent range, and the recent work of Gan, Qiu and Takeda |GQT| 
establish the Rallis inner product formula in the second term range. 
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Theorem 3.4.1 ( [WrifiS] . jPSR87j . |KR 88 ;i| . |KR 88 hj . [GQT]). Let a be a cuspidal representation 
of G such that such that ir = 6^(a) is a cuspidal representation of H. Suppose G and H are either 
in the convergent range (cf. 13.1.H ) ) or the second term range (cf. \3.3.1\) ). Then L(s + 1/2, a, x) is 
holomorphic at s = s TOi 2n and given f £ cr and ip £ S(V(A) n ) we have 

(0<pV /, 0<P W f) = — L (s m , 2 n + 1/2, <7, \) R ( S m , 2 n, <P, /) (3.4.3) 

^ra,2n v 

where 

_ m 2n + 1 ( 1 if m > 2 n + 1 

Sm,2n - y — and K m ,2n = j 3 if TO < 2n + 1 ' 

3.5. A Special Value Formula. We may now state our final result. As indicated earlier, our 
special value formula is simply the combination of the period identity in ITheorem 2.5.11 and the 
Rallis inner product formula, ITheorem 3.4.11 


Theorem 3.5.1. Let a be a cuspidal representation of G such that 7r = 0^(cr) is a cuspidal repre¬ 
sentation of H. Suppose G and H are either in the convergent range (cf. S3. 1.1]) ) or the second term 
range (cf. 113.3.1]) ). Fix f £ cr and let ip £ S(V(A) n ) such that <p pairs purely with f. Let (<p,£i ; Xi) 
and (<p ,£,2 ; *2) be a pair of nondegenerate matching data and let T\ = Q[a:i] and T 2 = Q[^2]- Then 


vol [H] 

^m, 2n 


L(s ri 


Yl 


Z* v (s m , 2n ,pJ) W Tl (f)W Ta (f) 


(fv,fv)l 


(fj) 


= E rn !r JR^R^F H )P H:n 

F«e®(ir) 

(3.5.1) 


where S£(tt) is an orthonormal basis of n, £ v (h) = 1 ) and 


m 2 n + 1 


^m,2n — 2 


and 


^m,2n — 


1 if m > 2n + 1 

2 if m < 2n + 1 
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